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In this paper the global patterns that result from local interactions between players on a two-
dimensional lattice are studied. The assumptions on interaction between players are based on
the Prisoner’s Dilemma game that has been used extensively in game theory and in the study
of biological systems. Each player is located on a square lattice, and is assumed to cooperate
or defect, based on mimicking the neighbor with the highest cumulative score from the preced-
ing round of play. The edges of the lattice are glued to form a torus. Computer simulations
are conducted for di erent sized lattices, di erent payo values, and di erent initial conditions.
Though the paper is primarily concerned with player behavior without self-interaction, some
results with self-interaction are also included. The in uence of \ideal" cooperators on the evo-
lution of the system dynamics is also studied. Three generic regimes of behavior are identi ed.
Complex global patterns with complicated dynamics and sometimes unpredictable results occur.
Steady-state solutions, simple and complex periodic solutions, and traveling waves are observed
depending on the initial conditions and the payo values.
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1. Introduction

The notion of the importance of patterns is perhaps
as old as civilization itself. Every art is founded on
the study of pattern. The cohesion of social systems
depends on the maintenance of patterns of behav-
ior, and advances in civilization often depend on the
modi cations of such behavioral patterns. And yet
these global patterns of behavior in a system emerge
from the myriads of local interactions that occur
among its participants. Most of these local interac-
tions are nonlinear, and such analyses have, for the
most part, been beyond the scope of the available
analytical tools of mathematics. It is only with the
advent of the computer that we have begun to in-
vestigate the emergence of these global patterns and
their dependence on local interactions. This paper
is a contribution towards this investigation.
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Most modern societies are governed by mores,
codes of conduct and laws. The peaceful coexistence
of individuals usually requires that they be consid-
erate of each other and desist from taking undue
advantage of each other, through, say, participa-
tion in criminal, illegal or unacceptable behavior.
Consider the example of a single criminal in a com-
munity. Suppose b is a dimensionless parameter that
represents the perceived gain (pro t) derived from
engaging in criminal activity, taking into consider-
ation factors like, the probability of being detected,
possible magnitude of punishment, etc. If the crim-
inal exploits his neighbors and makes a large pro t,
will he spark a crime wave with other people fol-
lowing in his footsteps? Does the percentage of
people who follow in his footsteps over the long
haul necessarily increase as the gains, b, from such
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criminal activity keep increasing? If a crime wave
is initiated, how will it travel through the com-
munity? Will a steady-state, periodic, or chaotic
crime-dynamic develop? Would the presence of a
few \upright™ individuals who cannot be swayed
by pro t cause criminal behavior to be curbed in a
community?

Questions similar to these can also be raised
in an ecological context about the competitive be-
havior of two species of animals that cohabit a
given tract of land; or, about the proliferation of
terrorist cells in a community where the \gain"
from such malevolent behavior is measured by the
disruption/fear that can be caused in a politi-
cally polarized environment. All one needs do is re-
place the word \criminal™ with \terrorist™ in the
afore-mentioned set of questions in the previous
paragraph.

Can the dynamics of such a complicated sys-
tem be mathematically modeled and predicted? Is
it possible to stimulate (control) such a dynamical
system so that it achieves a stable, desired state?
These are some of the questions that have motivated
this study. To begin developing insight into this
type of problem, we choose to explore the nonlin-
ear dynamical response of a two-dimensional Pris-
oner’s Dilemma game, similar to the one proposed
by Nowak et al. [Nowak & May, 1992; Nowak et al.,
1993, 1994a, 1994b, 1995a, 1995b]. Some of the es-
sential aspects of such a nonlinear dynamic system
are determination of the absorbing sets, the tran-
sient behavior towards the absorbing sets, and their
dependence on the number of players in the lattice.

While the majority of the more recent studies
of the iterated Prisoner’s Dilemma appear focused
on biological systems, our interest is on the appli-
cation of the iterated Prisoner’s Dilemma to the
social, political and economic structures of human
civilization. The success of human society depends
on a high level of voluntary, and sometimes forced,
cooperation. Crime rates rise and fall; the economy
has good times and bad times; political agendas
shift; businesses merge, and then split. One possible
way of modeling these expanding and contracting
patterns of \cooperation™ and \defection” may be
the iterated Prisoner’s Dilemma type of game.

The paradox of the Prisoner’s Dilemma em-
bodies the struggle between cooperation and ex-
ploitation. Though known to the ancient Greeks,
the Prisoner’s Dilemma was precisely formulated
in the 1950s, and in its classical form refers to

two prisoners involved in a crime, and the decision
each must make to either cooperate with the other
or to defect by cooperating with the authorities
[Nowak et al., 1995a, 1995b]. Neither player knows
in advance what the other will do, and the severity
of the punishment depends on their decision.

Traditionally, the Prisoner’s Dilemma has been
viewed as an iterated game between two players. If
both players cooperate then each gets a reward, R,
for mutual cooperation. If both players defect then
each gets a punishment, P, for mutual defection.
If one player defects and the other cooperates, the
gain for defection, T, is awarded to the defector, and
the payo , S, is awarded to the cooperator [Axelrod,
1984]. The total score for each player is the cumula-
tive score from each round. With T > R >P > S,
the best strategy for each player in any given round
is to defect. This leads to the gain T if playing
against someone who cooperates, and P if play-
ing against someone who defects. Alternatively, the
strategy of cooperating will at best lead to award R
if playing someone who also cooperates, but will re-
sult in the payo S if playing someone who defects.
See Fig. 1. The dilemma exists because the strat-
egy of defecting is unbeatable relative to your oppo-
nent’s score, but when both players think this way
and therefore defect, then each receives less than
they would have, had each player cooperated.

The Prisoner’s Dilemma game has been stud-
ied extensively in the context of cooperation theory.
Computer tournaments have been conducted to
determine the best strategy for success in the iter-
ated Prisoner’s Dilemma. One of the simplest and
most successful strategies was Tit For Tat (TFT),
whereby the player starts out cooperating, and sub-
sequently does what the opponent did on the pre-
vious move [Axelrod, 1984]. Because the strategy
depends only on the opponents move in the previous
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Fig. 1. Payo matrix for the Prisoner’s Dilemma game.



Global Patterns from Local Interactions: A Dynamical Systems Approach 2557

round, this is a \memory-1 strategy.” Variations of
TFT, such as Generous Tit For Tat (GTFT) and
\Pavlov" have also been shown to be very success-
ful. GTFT players generally copy their opponent’s
last move, but occasionally cooperate after their op-
ponent defects. \Pavlov", also known as \win-stay,
lose-shift,” is a memory-2 strategy that depends on
both players previous move [Milinski & Wedekind,
1998].

More complicated strategies, and variations
to the iterated Prisoner’s Dilemma, have been
proposed in an e ort to more accurately model
di erent systems. These strategies have included
extended memory of previous encounters, and com-
plex algorithms to try and anticipate the opponent’s
next move. A memory-4 strategy with random mu-
tations has been proposed as a model of primate
behavior [Key & Aiello, 2000]. Spatial mobility of
various types of players has been included in some
models [Ferriere & Michod, 1995; Hutson & Vickers,
1995]. If the payo for each encounter is allowed
to be variable, then a strategy of \raise-the-stakes"
0 ers insight into the development of cooperation
[Roberts & Sheratt, 1998].

Rather than the traditional game between two
players, our model consists of a two-dimensional
square lattice of stationary players with dimensions
n n. The edges of the lattice wrap around in the
shape of a torus, forming periodic boundary condi-
tions so that the players form a \closed community."
Each player competes against each of his eight im-
mediate neighbors during each round of the game.
At the end of each round of play, each player sums
up his gains from having played against his eight im-
mediate neighbors on the lattice. Gains are de ned
asT=Dbh R=1 and S =P =0, thus preserving
the essential paradox in the Prisoner’s Dilemma,
while simplifying the computations and the under-
standing. Further, we assume a \follow the leader"
type strategy wherein each player chooses to either
cooperate or defect by following the strategy of the
neighbor with the maximum gain from the previous
round. While this assumption may appear an over-
simpli cation, some experimental data has shown
that human beings tend to choose such strate-
gies while playing the Prisoner’s Dilemma game
[Milinski & Wedekind, 1998; Wedekind & Milinski,
1996], thus this simpli cation may perhaps not be
too unrealistic.

Nowak et al. [Nowak & May, 1992; Nowak
et al., 1993, 1994a, 1994b, 1995a, 1995b] have re-
ported results from a similarly formulated iterated

Prisoner’s Dilemma game. Their work considered
both xed and periodic boundary conditions, but
focused primarily on situations in which each player
plays with his immediate neighbors and with him-
self. Thus their results mainly concern games with
self-interaction.

2. Global Behavior from Local
Interactions

Since one of our motivations is the need to
understand the system dynamics engendered by
criminal/social behavior, in this paper we con-
cern ourselves primarily with games without self-
interaction. We also provide in-depth results on
the detailed transient dynamics, and give a use-
ful categorization of the global dynamics into three
regimes of behavior. There are several di erent
speci ¢ aspects of this problem that we report on:

(a) analytical determination of the possible bifur-
cation points of the dynamical response;

(b) study of the dynamic response versus the pa-
rameter b for the simple \initial condition™ of a
single defector in the center of a square lattice;

(c) e ects on the dynamical response of increasing
the lattice size;

(d) sensitivity of the dynamics to small variations
in the initial conditions of symmetrically placed
initial defectors;

(e) characterization of the system dynamics when
the initial condition is a random distribution of
initial defectors;

(f) consideration of self-interaction, solely for com-
parison purposes, when starting from random
initial distributions of defectors;

(9) in uence of including ideal cooperators | in-
dividuals who will not defect no matter what
their gains ]| on the global patterns; and,

(h) discussion on the use of periodicities and per-
centages of defectors as metrics for understand-
ing the global dynamics.

The type of model studied in this paper is also
relevant to ecological dynamics [Dieckmann et al.,
2000]. It can be viewed as an extension of the so-
called \lattice gas models™ in physics and engineer-
ing [Doolen, 1991] in which particle interactions are
modeled to occur on a lattice or regular grid, and
the laws of interaction now go beyond the usual
physical laws of mass, momentum and energy bal-
ance. For example, a simpli ed game where the
players are updated in random sequence and have



2558 R. J. Wiederien & F. E. Udwadia

a chance to adopt the neighboring strategies with a
probability depending on the payo has been inves-
tigated [Szabo & Toke, 1998]. A tit-for-tat strategy
[Szabo et al., 2000] can be included in addition to
cooperation and defection. While most studies of
this kind simply report computational results, the
in-depth analysis performed here allows us to cate-
gorize and understand the qualitative behavior be-
hind the generation of the multitude of dynamical
behaviors exhibited.

In what follows, for convenience of representa-
tion, players are plotted in di erent colors to in-
dicate their previous and next decisions, either to
cooperate or to defect. A blue player cooperated
on the previous game, and cooperates again in the
next. A red player defected on the previous game,
and defects again in the next game. A green player
defected on the previous game, but cooperates in
the next game. A yellow player cooperated on the
previous game, but defects in the next game. Ideal
cooperators are shown in magenta colored asterisks.

(a) Analytical determination of the possible bifur-
cation points of the dynamical response.

The qualitative nature of the system dynamics de-
pends on the value of the parameter b | the gains
of defection. The value of b where the qualitative
dynamics changes is de ned as a bifurcation point.
Because of the deterministic nature of this iterated
Prisoner’s Dilemma game, a nite number of dis-
crete bifurcation points exist. The possible bifurca-
tion points may be calculated by considering the
total possible payo s to a cooperator, and to a de-
fector, as indicated below in Table 1. A cooperator
will score 1 point from each neighboring cooperator
and 0 points from each neighboring defector, thus
his total score from any given round may range from
0 points to 8 points (excluding self-interaction). A
defector will score b points from each neighboring
cooperator and 0 points from each neighboring de-
fector, thus his total score from any given round
will be a multiple of b, ranging from 0 to 8b. Thus,
bifurcation points may occur when the score of a co-
operator exactly matches that of a defector. In the
course of our numerical simulations, we found that
bifurcation points often coincide with asymmetric
expansion or contraction of clusters of defectors and
cooperators, when starting with a single initial de-
fector. The bifurcation points given in Table 1 were
validated by methodically varying the value of the
payo parameter, b, during the numerical simula-
tions we conducted. Bifurcation values of b less than

Table 1. Possible discrete values of bifurcation points for
games played without self-interaction. Values less than 1.0
are of little importance for our study because with no incen-
tive to defect, players will generally cooperate.

Bifurcation Defector Payoff

Points, b 8 | 7b | 6b | 5b | 4b | 3b | 2b | 1b
8 [ 88 |87 |86 |85]84]|83] 82|81
TRYTT |76 | TS5 | AL 737271
6/8 | 6/7]16/6 | 6/5|6/4]|6/3]62] 6/
5/8 | 5/7 | 5/6 § 5/5|5M4 |53 ]52]5/
4/8 | 417 | 46 | 4I5S | 44 | 473 | 42 | 4/1
3/8 | 3/7 13/6|3/5(34]13/3]3/2]3/
2/8 | 2/7 [ 2/6 | 2/5 24 |23])22]2/1
W7 e | US| 14117311211/

Cooperator Payoff

- [&NQ

1.0 are of little importance for our purposes, as this
implies that the payo (gain) for defecting is less
than the payo for cooperating. With no incentive
to defect, players will generally cooperate.

(b) Study of the dynamic response wversus the
parameter b for the simple \initial condition™ of a
single defector in the center of a square lattice.

The dynamic response is determined as a function
of the value of the payo parameter, b, for the
case of a single initial defector in the center of a
29 29 square lattice without self-interaction, and
with periodic boundary conditions. Through me-
thodical simulations, it is determined that bifur-
cation of the dynamic patterns occur at b values
of 7/8, 1, 6/5, 7/5, 8/5, 5/3, 7/4, 2 and 8/3. The
di erent dynamical regions consist of 1-period, 2-
period and 3-period solutions. Speci ¢ results for
each dynamical region are detailed in Table 2 and
Figs. 2 and 3. The regions are lettered A through J
for convenience.

A critical bifurcation point exists at b = 8=5.
Below b = 8=5, only the immediate neighborhood of
the initial defector is in uenced and changes states.
Above b = 8=5, the region of defectors expands
beyond the immediate neighborhood of the initial
defector. The dynamics for 8=5 < b < 5=3 (region
F) are particularly interesting because clusters of
defectors and clusters of cooperators dynamically
expand, collide and collapse. Numerous games are
usually required to reach the attracting state within
this region.

(c) The e ects on the dynamical response of increas-
ing the lattice size.

The e ects on the bifurcation points, spatial
pattern, and transient dynamics, of increasing the
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Table 2. Dynamical regions for a square lattices with dimensions n = 19, 20, 29 and 59, where the initial condition is a
single defector in the center, there are periodic boundary conditions, and there is no self-interaction. Three distinct regions
occur. For b < 8=5 (regions A through E), the dynamic response is localized about the initial defector and may be periodic or
steady-state. The percentage of defectors in the absorbing state remains less than 2.5%. Region F (8=5 < b < 5=3) is a much
more dynamically active region with expanding and contracting areas of cooperators and defectors, that ultimately results
in a steady-state solution. For b > 5=3 (regions G through J), the region of defectors expands to wrap around the torus,
and then quickly converges to a steady-state solution. Values denoted with an asterisks ( ) indicate the number of games
completed when the rst pattern in a periodic solution is formed.

Games to
Dynamic Lattice Attracting % Defectors in
Region Range Size State Attracting State(s) Description of System Dynamics

A h<7=8 19 1 0.00 The initial defector turns cooperator after the
20 1 0.00 rst game. The nal state is all cooperators.
29 1 0.00
59 1 0.00

B 7=8<b<1 19 0 0.28 The initial defector remains as the steady-
20 0 0.25 state 1-period solution. None of the players
29 0 0.12 change states.
59 0 0.03

C 1<b<6=5 19 1 2.49, 0.28 The immediate neighbors of the initial defec-
20 1 2.25, 0.25 tor form a 2-period solution. One resulting
29 1 1.07, 0.12 pattern of the 2-period solution is a 3 3
59 1 0.26, 0.03 cluster of defectors, and the other is a single

defector.

D 6=5<b<7=5 19 1 2.49, 1.39, 0.28 The immediate neighbors of the initial de-
20 1 2.25, 1.25, 0.25 fector form a 3-period solution. The spatial
29 1 1.07, 0.59, 0.12 patterns are: a 3 3 cluster of defectors; a
59 1 0.26, 0.14, 0.03 cross-shaped pattern of defectors; and a sin-

gle defector.

E 7=5<b<8=5 19 1 2.49 The immediate neighbors of the initial defec-
20 1 2.25 tor form a 3 3 cluster of defectors, which is
29 1 1.07 the 1-period steady state solution.
59 1 0.26
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Table 2. (Continued)

Games to
Dynamic Lattice  Attracting % Defectors in
Region Range Size State Attracting State(s) Description of System Dynamics
F 8=5 < b <5=3 19 24 100.00 Clusters of defectors and cooperators expand,
20 25 100.00 collide, and contract. Eventually, the attract-
29 111 100.00 ing state is 100% defectors.
59 2437 100.00
G 5=3<b<7=4 19 9 77.84 The majority of the players eventually defect,
20 9 85 leaving only isolated steady-state clusters of
29 14 87.16 cooperators. The percentage of defectors in
59 32 89.09 the attracting state increases as the lattice
size increases.
H T=4<b<? 19 10 44.60 The region of defectors expands in an ‘X’
20 10 41.50 shaped pattern. The attracting state is an ‘X’
29 14 30.08 shaped steady-state solution. The percentage
59 29 14.74 of defectors in the attracting state decreases
as the lattice size decreases.
| 2<b<8=3 19 9 100.00 The majority of the players eventually defect,
20 9 83.50 leaving only isolated steady-state clusters of
29 16 94.29 cooperators. The percentage of defectors in
59 33 91.38 the attracting state does not follow a consis-
tent pattern as in other regions.
J 8=3<b 19 9 100.00 The cluster of defectors grows as a square
20 9 100.00 wave front, until all the players are defectors.
29 14 100.00
59 29 100.00
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lattice size is studied for the case of a single defec-
tor in the center of a square lattice without self-
interaction and with periodic boundary conditions.
Square lattices with dimensions n = 19, 20, 29 and
59 are studied. With these conditions, the bifurca-
tion points of the payo parameter, b, are indepen-
dent of lattice size. While speci c¢ spatial patterns
generally vary with lattice size, the qualitative na-
ture of the spatial patterns within a speci ¢ range
of b values are similar regardless of the lattice size.
One indicator of the speci c spatial patterns is the
percentage of defectors in the attracting state. The
percentage of defectors in the attracting states gen-
erally varies only slightly as the size of the lattice
changes. It is the transient dynamics of the spa-
tial evolution that appears to be most a ected by
changes in lattice size. One indicator of this is the
number of games required to reach an attracting
state. See Table 2.

Three interesting dynamical regions emerge.
For b < 8=5 (regions A, B, C, D and E), the local
spatial patterns and the number of games required
to reach an attracting state are independent of lat-
tice size because only the immediate neighbors of
the initial defector are in uenced and change states.
For 8=5 < b < 5=3 (region F), the spatial pattern
always contains expanding and contracting clusters
of cooperators and defectors, but the speci c spatial
patterns that emerge are very di erent and depend
on the size of the lattice.

The number of games required to reach the at-
tracting state increases very rapidly with the size
of the lattice. For the lattice sizes evaluated, the
attracting state in region F is always 100% defec-
tors when the initial condition is a single defector
at the center. For b > 5=3 (regions G, H, I, J), the
attracting state is a steady state solution, and the
number of games required to reach the attracting

Region C

Region D

Region E

1<b<6/5

6/5<b<7/5

7/15<b<8/5

Result of Game 1

Result of Game 2

Result of Game 3

Result of Game 4

Fig. 2.

Results of games 1{4 for dynamical regions between b = 1 and 8/5 for an initial single defector at the center of a29 29

lattice with no self-interaction and with periodic boundary conditions. A two-period solution exists in region C; a three-period
solution in region D; and a one-period solution in region E. Regions A and B are not shown, as nothing particularly interesting

occurs within these regions (see Table 2).
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state increases linearly with the size of the lattice.
See Table 2, and Figs. 4 and 5 for details.

(d) Sensitivity of the dynamics to small variations in
the initial conditions of symmetrically placed initial
defectors.

Sensitivity to initial conditions is studied by making
small changes to simple, symmetrical initial condi-
tions of a 29 29 lattice with periodic boundary
conditions and without self-interaction. The follow-
ing initial conditions are considered:

A. A single defector in the center (denoted by
\D");

B. Two adjacent defectors near
(denoted by \DD"™);

C. Two defectors with a single cooperator between
them (denoted by \DCD");

the center

D. Two defectors with two adjacent cooperators
between them (denoted by \DCCD");

E. Two defectors separated by three cooperators
(denoted by DCCCD);

F. Two defectors separated by four cooperators
(denoted by DCCCCD);

G. Two defectors separated by ve cooperators
(denoted by DCCCCCD);

H. Three defectors in a triangle, separated ver-
tically and horizontally by a single defector
(denoted by D/C/DCD).

The spatial dynamics within each dynamic region,
especially the periodicity of the attracting state,
appears to be very sensitive to the initial con-
ditions. 1-period, 2-period and 3-period solutions
are common for b < 8=5. The region with 8=5 <
b < 5=3 also shows other higher period solutions,

Region F Region G Region H Region I Region J
8/5<b<5/3 53<b<7/4 74<b<2 2<b<8/3 83<b
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Fig. 3. Results of games 1{7 and 12{16 for the di erent dynamical regions with b > 8=5 for an initial single defector at the

center of a 29 29 lattice with no self-interaction and with periodic boundary conditions. All ve regions start similarly, but
di erences can start to be observed after the third game as bifurcations along the leading edge of each wave front start to occur.
The most dynamic spatial patterns are generated in region F as clusters of cooperators and defectors begin to expand and
contract. Regions G and I expand similarly, with the nal attracting state dominated by defectors with only isolated clusters of
cooperators. Region H expands as an \X" shaped wave front, and results in an \X" shaped one-period (steady-state) solution.
Region J expands as a square wave front with no bifurcations along its leading edge, resulting in 100% defectors. Similar
results occur for square lattices with dimensions n = 19, 20 and 59. See Table 2 for additional details on the spatial patterns.
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Result of Game 12

Region F Region G Region H Region | Region J
8/5 <b<53 53<b<7/4 74<bh<2 2<b<83 8/3<hb
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Result of Game 13

Result of Game 14

Result of Game 15

Result of Game 16

Fig. 3. (Continued)




